
October Math Gems, STEM High school for boys – 6th of October.  

 

   

Quaternions: Applications in Computer Graphics  

Ahmed Walid 

 

 

Abstract- Quaternions are some of the most essential topics in computer graphics. The purpose of this article is 

to show some of the uses and advantages of using quaternions. It uses them to represent three-dimensional 

rotations in the image processing field. It starts by discussing what quaternions are and their mathematical 

properties. After that, it goes over their applications and uses. 
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I. INTRODUCTION 

uaternions are 4 dimensional numbers that were created by mathematician, William Rowan Hamilton. He 

has spent years trying to figure out how to multiply triplets, in the hope of inventing a three dimensional 

number system. It was only at some point when he realized that making it four dimensional. There has been a 

lot of debate on quaternions, where some mathematicians believed it is how three dimensional space should be 

taught. On the other hand, many mathematicians believed that quaternions were very complex to be the primary 

way of teaching it.   

They, however, were found to be useful for three-dimensional rotation and motion graphics. Therefore, 

it is widely used by computer scientists in those fields. It is also used in many other areas, such as game 

development, 3D modelling and animations. This is because they make an excellent replacement for using 

matrices. That is because they describe three-dimensional space and how they represent different mathematical 

operations is less memory intensive than matrices. 

II. QUATERNION ALGEBRA 

Quaternions are hyper-complex numbers of 4 dimensions. They consist of 3 complex (vector) parts and 

one real (scalar) part. They can be represented in a few different notations as shown in figures 1, and 2: 

 

 

 

 

 

 

 

 

 

 

 

 

Where in the first notation the w is the scalar part, while the v stands for the vector part of the quaternion, 

or the v is split into its three components, x, y, and z. In the second notation a is the real part of the 

quaternion, while 𝑖, 𝑗, and 𝑘 are the complex parts. Please note that the two notations are going to be used 

throughout this paper. [3], [7] 

The components 𝑖, 𝑗 𝑎𝑛𝑑 𝑘 as defined above satisfy the rules defined in Figure 3. 

Q 

Figure 1 shows quaternion notations 

Figure 2 shows each part of a quaternion 
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 It was implied that the product of any two terms in this expression is a quaternion product, which is 

defined for the two quaternions p and q as in Figure 4, where: 

 

With 𝑎 being the scalar part of the two quaternions and 𝑣 the vector part. In addition to that, 𝑣𝑞 . 𝑣𝑝 and 

𝑣𝑝 × 𝑣𝑞 denote the dot and cross products respectively. From that we conclude that multiplication in 

quaternions is not a commutative – since the vector cross product is not – process. 

 Quaternion addition on the other hand is a very simple process, where the corresponding components of 

the quaternion are added together. This could be illustrated as in Figure 5, where p and q are two 

quaternions. [1], [3], [7] 

 

The identity element in Quaternions is, therefore, (0, 0, 0, 0). 

 

Although Quaternion multiplication is not commutative, it has the associative and distributive properties 

over addition. Therefore, if we have p, q and r. This property could be shown as in Figure 6. [3], [7] 

 

The magnitude of a quaternion can be defined as shown in Figure 7. [1], [2], [3] 

 

 

 

 

 

 

 

Figure 3 shows the definition of a quaternion 

Figure 4 shows quaternion product 

Figure 5 shows quaternion addition 

Figure 6 shows some arithmetic  properties of quaternions 

Figure 7 shows the magnitude of a quaternion. 
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A real quaternion is a quaternion where the vector part of it is equal to zero. On the other hand, a pure 

quaternion is the opposite, as its real part is equal to zero. 

 As mentioned before, Quaternion multiplication is associative and not commutative. It should also be 

known that the magnitude of a quaternion product is equal to the product of the magnitudes, as shown in 

Figure 8. [3], [5] 

 
 

III. QUATERNION APPLICATIONS 

QUATERNIONS IN IMAGE PROCESSING: 

Quaternions are great for representing colors in memory compared to using matrices. Therefore, pure 

quaternions are usually used for representing RGB color images. Three channels are used for the Red, 

Blue, and Green values with the fourth channel used for transparency or padding. [1], [2] 

 

For example, let 𝑓(𝑥, 𝑦) be an RGB image function as in Figure 9. Every pixel of the image can be 

represented as a pure quaternion. [1], [13] 

 

It could also be illustrated in Figure 9, how colors look on the quaternion space. 

 

The use of quaternions in color images, together with Fourier Transform – which will be explained later in 

this section – made it a lot easier for processing and studying color images. This is as they contribute to 

ideas such as edge detection and color sensitive filtering. [1], [4] 

 

 Fourier transform is a mathematical concept that transforms color images from the spatial domain to the 

frequency domain when applied. The reason this transformation happens is because it is a lot easier for 

computers to deal with images in the frequency domain. This is as frequency domain shows the “details” 

of an image by letting only certain types of frequencies to pass. [6] 

 

 

 

Figure 8 shows a function that represents an RGB image as a pure quaternion 

Figure 9 shows RGB colors in a quaternion space 
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EULER ANGLES: 

One of the main reasons quaternions are used is due to their great advantage when it comes to describing 

rotations. The reason they are good with that is due to their ability to describe Orientation. [3] 

To understand what orientation is, imagine a vector in 3D space as shown in Figure 10. Imagine that the 

vector is twisting around itself. Since vectors have a direction and a magnitude, but no orientation. [3], [8] 

 

 

The vector is going to stay the same. On the other hand, imagine that instead of this vector we have a jet as 

shown in Figure 11. If the jet is twisting its orientation is going to change, unlike the vector. 

 

 

This gives us an idea of what orientation is, we can think of it as how the rigid body of the jet exists on 

the 3D space as a result of rotation. 

3D rotation can be expressed in different ways. The most known ways are Matrices, Euler angles and 

Quaternions. We are going to discuss each of them, and the differences between each way, with its advantages 

and disadvantages. [3] 

Figure 10 shows a vector in 3D space showing that 

vectors have no orientation 

Figure 11 shows a jet in 3D space to show its 

orientation 
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 The most common method of representing rotation in 3D space is called “Euler Angles”, it is named 

after the mathematician who invented them called, Leonhard Euler. Euler angles are composed of three torus 

circles that are aligned on top of each other on the x, y, and z axes as shown in Figure 12. [3], [8], [10] 

Euler angles use three numbers to describe an orientation. These three numbers are all degrees, which is 

usually how people think of representing orientation. They are also easy to be stored in small quantities of data. 

That is why they are widespread when handling animations and three-dimensional rotations.  

There is no such thing as an invalid set of angles in Euler angles. This is as if any set of angles is valid and 

could be used. Euler angles are used widely as they are really easy to implement and use. However, they have a 

problem that results when two circles are aligned on the same axis, as shown in Figure 13. This problem is 

called Gimbal lock, and it prevents the torus circles from moving as they are locked together. This problem is 

very popular in game development and computer graphics fields. They have another problem: you can represent 

the same orientation with a few different sets of angles. [3], [8], [11] 

 

 

 

 

 

 

 

 

 

Figure 12 shows x, y, and z axes that make 

up Euler angles 

Figure 13 shows Gimbal lock of Euler 

angles 
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ROTATION VIA QUATERNIONS: 

Quaternions are most commonly used for representing 3D rotation, since they were invented by William 

Hamilton. The reason quaternions are used so much, especially in game development and modern  

 

graphics is a process called SLERP. SLERP is short for Spherical Linear Interpolation. This process lets us 

smoothly interpolate between two orientations using quaternions. It also avoids all the problems and issues that 

plagued Euler angles. 

 

 Rotation can be done with the definition of quaternions by doing multiplication. For example, on the 

quaternion space shown in Figure 14, multiplying by −𝑖 will rotate the points of a sphere (which is projected as 

a 2D circle on the axis) to the right. This is where 𝑗(−𝑖) will be mapped to 𝑘 and the point at 1 is mapped to −𝑖. 
For rotation to the left, the points need to be multiplied by 𝑖. [1], [3], [6] 

 

  The concept of multiplying by 𝑖 could be used to describe rotation on the 𝑖 axis. This can be done by 

multiplying a unit vector 𝑣 by 𝑖 𝑜𝑟 − 𝑖 which describes the direction. When using −𝑖(𝑣)𝑖 this creates double 

rotation in one direction on the 𝑖 axis as the rotation on the other axis will cancel out. This is as shown in 

Figure 15. [3], [6]   

 

 

 

 

 

Figure 14 shows quaternion axis to 

describe rotation 

Figure 15 shows quaternion rotation by 

multiplication 
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For applying that in a 3D space, there it has to be in the form 𝑞𝑣𝑞̅. This is where 𝑣 is a pure quaternion, 𝑞 has 

the angle of rotation and axis, and 𝑞̅ is its conjugate. [3], [6] 

 

 

QUATERNION INTERPOLATION: 

SLERP is a ternary operation. This means that it needs three parameters to work, the first two are the 

orientations and the third is the interpolation parameter. The two orientations are referenced to as 𝑞0 and 𝑞1 

variables. The third operator is 𝑡 with a value from 0 to 1. At the end, the function looks like this: 

𝑠𝑙𝑒𝑟𝑝(𝑞0, 𝑞1, 𝑡). For interpolation between two scalar values 𝑎0 𝑎𝑛𝑑 𝑎1. The standard linear interpolation (lerp) 

could be used. Its formula is as shown in Figure 16. [3], [8] 

 

 This formula starts at 𝑎0 and adds the fraction 𝑡 of the difference between 𝑎0 and 𝑎1. This requires 3 

basic steps which are computing the difference between the two values, taking a fraction of this difference and 

adjusting the original value by this fraction of difference. 

The difference between the two values is given by getting the angular displacement from 𝑞0 and 𝑞1 which is 

given by 

Δ𝑞 = 𝑞1𝑞0
−1 

The second step which is taking a fraction of this difference, for doing that, quaternion exponentiation is used. 

The fraction of the difference is given by  

(Δ𝑞)𝑡. 

The third step is taking the original value and adjusting it by the fraction of the difference. The initial value is 

adjusted by composing angular displacements via quaternion multiplication: 

(Δ𝑞)𝑡𝑞0 
 

 

 

 

 

 

 

Thus, the equation of slerp is given as shown in Figure 17. 
  

 

 

 

 

 

 

 

Figure 16 shows function that represents 

interpolation between two points 

Figure 17 shows the equation of the slerp function 
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Interpolation could be visualized as the movement between two points in a 4D hypersphere creating an arc. For 

simplification purposes, this can be shown in a 2D plane, where the two vectors 𝑣0 and 𝑣1 are both of unit length. 

To find 𝑣𝑡, the result of the interpolation between the two vectors by a fraction 𝑡 of the distance from 𝑣0 𝑡𝑜 𝑣1. 

At this point, let 𝑤 be the angle intercepted by the arc from 𝑣0 to 𝑣1. Therefore, 𝑣𝑡 is the result of rotating 𝑣0 

around the arc by an angle of 𝑡𝑤. That is as shown in Figure 18. [3], [8], [10] 

  

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

IV. CONCLUSION 

Quaternions have been a topic of debate for a while throughout history. They were, however, found to be 

very useful in various fields of computer science. They are used in areas such as Astronomy, Mathematics, 

Game development and Computer graphics. In astronomy, they were found very useful as image processing 

was very effective in preparing data before it was studied and analyzed. In game development, they were used 

instead of Euler angles as they effectively eliminate the problem of Gimbal Lock. In the end, Quaternions have 

had a lot of uses in modern computing, making them effective. 
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